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Example 1
.
Riemann 3-function : 3(s)= us for Re(s) <

n = 1 S

· some side has pole
3(s) < <3(l-s) . [21 sin(All-s)] - > convergence · neither side

functional [ S region has pole or zero

equation I · save side has
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numbers
2(24) !

3(2k) = 0 "Trivialo"
-

3(2k+1) = ??
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. g . 3(3) =[ = + 3 +5+ ...
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Example 2 . Dividelet L-functions .

Apey : 3(3) # Q

- : (**)* < &X - ((s
,
x) = 2 x(n) for Rels) > /

n= 1 uS

odd Disidlet character x() =-

J analogous stay for
L)l-s , t)v((s , x)

I even characters I 21 ~
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Nipde !
L(2k+ 1

, x) = from functional (L(-2k , z) = -

Bak
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2k CLASS NUMBER equation

twisted Bemalli FORMULA

numbers Dividelet (1839) : Far O,
L(0 , (1) = hal) .

L(-2k + 1
,z) = 0 L(2k , x) = ?? KATALAN CONSTANT

(-1)n
L'(2k + 1

,z) = ?? E . g. ((2 , (f)= 2n +1
= * -5 +5-
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Example 3 .

Dedehind 3-functions ·

F = number field -> 3F(s) =[
Mum (Class Number Formula) .

Dedehind/Landau (1903)
,
Hecke (1917)

3 (0) =
- hFRF hr= class group

m WF RF = regulator of F
leading term at o

WF = # of roots of unit in FY

A huge generalization was found by Barel :

Then (Barel , 1970s) . Fn > 1
, J gnfQ*

S .

t.

J)-n) = qu
- Rn ,

Rn = regulator of Kan-1(OF)
[K-theory of OF)

(Note : sometimes Rn = 1 => insteadof
> Beilinson (1985) : general conjecture -values ~ K-theory

II

> Bloch (1986) : rephrasing in terms of "higher Chow groupsCalso 1979...)

Mum
. (H . -A Campo).
11) "

n= 1 (2n + 112
= L(2 , (1) i

is explicitly relatedto y
S #

Explicitly : X =I

↓ log(i) dog (F) dog(E)-
X(IR)

-> higher Chow group of x +y+z
2=
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(2) =
+

3 = 3(3)

is explicitly relatedto ·
↑

Si
x,+... + x5 = 1

A different direction of generalizing the Class Number Facula was investigated

by Birch & Swimertas-Dyer.

Example 4 . Elliptic cures.

a , 6 EQ u
E(q) = G(x ,y)(2 : yz = x3+ ax +630903

E : y2 = x 3+ax +6 =&(tursion) (Mardell-Weil Theorem)

0= 493+276270
Zu

ElFp) = G(x, y)E#p2 : y = x3+ ax +6 modpSud03

IEltp)l-(p+ 1)=: |apIE)(2
error

Building on ideas of Weil , define far Re(s) > 2 :

*

L(E , s)= (l-aplE) ps + plsquIE is

(Wiles/Taylor-Wiles gives ... (

LE , s) -L(E ,
2- s)
->

L S convergence
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Originally: (Class Number Famla)
,
but actually it's
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BSD Caij .

· and L(E
, s) = ranle + from E(Q) = &e(tarsian)

S= 1

More analytically :

s = 1 - (1 - ap(E)p
-

+ pl
-

2) =
p + -ap(E)

=

IE(p))
P p

a conjecture predicts

= CE . logX
· L*E

, 1) = RE .

IHE) !

1 E(tes(2
: (o(E)
.TyplE) .

What about L(E ,
2) ?

Mun(Gross
, 1979) .

E = EL/Q with CM

->
f

,

LCE , 2) explicitly related to
- 7E

Explicit example : E : X + y3 = 1 w/ (MbyQ(33)

The (Otsubo
,
2011) . Can take f ,

= 1-X , fz = 1- y.

More generally : xd + yd = 1 Ferrat cure.

Ongoing work with A'Campo : x +-- +x = 1 Ferrat hypersurface.


